Abstract. We observe that derived equivalent K3 surfaces have isomorphic Chow motives.
There are many examples of non-isomorphic K3 surfaces S and S ′ (over a field k) with equivalent derived categories D b (S) ≃ D b (S ′ ) of coherent sheaves. It is known that in this case S ′ is isomorphic to a moduli space of slope-stable bundles on S and vice versa, cf. [10, 20, 22] . However, the precise relation between S and S ′ still eludes us and many basic questions are hard to answer. For example, one could ask whether S ′ contains infinitely many rational curves, expected for all K3 surfaces, if this is known already for S. Or, if k is a number field, does potential density for S imply potential density for S ′ ?
As a direct geometric approach to these questions seems difficult, one may wonder whether S and S ′ can be compared at least motivically. This could mean various things, e.g. one could study their classes [S] and [S ′ ] in the Grothendieck ring of varieties K 0 (Var(k)) or their associated motives h(S) and h(S ′ ) in the category of Chow motives Mot(k). In the recent articles [7, 14, 16] , examples in degree 8 and 12 have been studied for which
The question whether the Chow motives h(S) and h(S ′ ) in Mot(k) are isomorphic was first addressed and answered affirmatively in special cases in [23] . Assuming finite-dimensionality of the motives the question was settled in [3] .
In this short note we point out that the available techniques in the theory of motives are enough to show that two derived equivalent K3 surfaces have indeed isomorphic Chow motives.
Theorem 0.1. Let S and S ′ be K3 surfaces over an algebraically closed field k. Assume that there exists an exact k-linear equivalence D b (S) ≃ D b (S ′ ) between their bounded derived categories of coherent sheaves. Then there is an isomorphism
in the category of Chow motives Mot(k).
The assumption on the field k can be weakened, it suffices to assume that ρ(S) = ρ(Sk). We had originally expected that the invariance of the Beauville-Voisin ring as proved in [11, 12] would be central to the argument However, it turns to out to have no bearing on the problem, but it implies that a distinguished decomposition of the motives in their algebraic and transcendental parts is preserved under derived equivalence.
From derived categories to Chow motives
We follow the convention and notation in [1, 21] and denote by Mot(k) the pseudo-abelian category of Chow motives. Objects of this category are triples M = (X, p, m), where X is a smooth projective k-variety
The Chow motive of a smooth projective variety X is denoted h( 
One direction is obvious and for the other one use Manin's identity principle and induction over the dimension.
1.2. We start by describing Orlov's approach [22] . Let Φ :
be an exact k-linear equivalence between the bounded derived categories of coherent sheaves on two K3 surfaces S and [23] . The Mukai vector
The inverse of Φ can be described as Φ −1 ≃ Φ E * [2] , where E * is the derived dual of E. In
and defines an isomorphism
However, a priori there is no reason why for two derived equivalent K3 surfaces S and S ′ there should always exist an equivalence
In fact, when S ′ is viewed as a moduli space of slope-stable bundles the universal family E will certainly not have this property, for v 0 (E) = rk(E).
Next, one could try to just work with the degree two part
, which, however, will usually not be an isomorphism, for the induced action on cohomology v H 2 * : H * (S) / / H * (S ′ ) is often not bijective.
Instead of producing an isomorphism h(S)
∼ / / h(S ′ ) directly, we shall first decompose both motives with respect to their degree. The decompositions depend on the choice of additional cycles of degree one c ∈ CH 2 (S) ⊗ Q and c ′ ∈ CH 2 (S ′ ), respectively, cf. [1, 21] . For S it reads 
and CH *
where CH 2 (S) 0 := Ker(deg : CH 2 (S) / / Z). Following [15] , the degree two part h 2 (S) can be further decomposed into its algebraic and transcendental parts
alg (S) = (S, p 2alg ) and h 2 tr (S) = (S, p tr ) with p 2alg := 1/(ℓ i ) 2 ℓ i × ℓ i , for an orthogonal basis {ℓ i } of NS(S) ⊗ Q, and p tr := 1 − p 2alg − p 0 − p 4 . Note that 
Thus, in order to prove Theorem 0.1, it suffices to show the following. Proposition 1.2. If S and S ′ are derived equivalent K3 surfaces, then there exists an isomorphism
We show that f tr tr : h 2 tr (S) / / h 2 tr (S ′ ) is an isomorphism. According to Lemma 1.1, it suffices to show that for all field extensions K/k the induced map f tr trK * : CH
The two sides are the cohomologically trivial parts of CH * (S)⊗ Q and CH * (S ′ )⊗ Q, respectively, and hence f tr trK * = f K * = v 2 (E K ) * . However, as the cohomologically trivial part of the Chow ring of a K3 surface is concentrated in degree two, the action of
coincides with the action of v(E K ) on it. As E K is the base change of the Fourier-Mukai kernel of an equivalence, it again describes an equivalence and, therefore, induces an ungraded
This shows the bijectivity of f tr trK * . Remark 1.3. Assume the classes c ∈ CH 2 (S) ⊗ Q and c ′ ∈ CH 2 (S ′ ) ⊗ Q are the BeauvilleVoisin classes of S and S ′ , respectively. Then, using [13] , we know that v(E) induces an ungraded isomorphism R(S) ≃ R(S ′ ) (of groups) between the Beauville-Voisin rings. Here, R(S) ⊂ CH * (S) ⊗ Q is the Q-subalgebra generated by CH 1 (S). We show that this implies that
i.e. f alg tr = 0 and f tr alg = 0. Clearly, f tr algK * : CH
/ / H * (S ′ ) is trivial and, using [13] , also f alg trK * : R(S) / / CH 2 (S K ) 0 vanishes. However, to conclude one needs to show
•p alg and both are implied by p ′ alg •v 2 = v 2 •p alg . The latter holds in H * (S × S ′ ) and as both sides are contained in R(S) ⊗ R(S ′ ) which injects into H * (S × S ′ ), this suffices to conclude.
Applications and further comments
We conclude by a few consequences and possible generalizations of the result.
2.1. Assume the two derived equivalent K3 surfaces S and S ′ are defined over a finite field F q . Then due to [18] , using crystalline cohomology, and to [13, Prop. 16.4.6] , using étale cohomology, the Zeta functions of S and S ′ are shown to coincide, Z(S, t) = Z(S ′ , t). In particular,
2.3. Theorem 0.1 clearly implies that for two derived equivalent K3 surfaces S and S ′ , one is finite-dimensional (in the sense of Kimura-O'Sullivan) if and only if the other one is. This was already observed in [3, Prop. 1.5]. In fact, in this paper Theorem 0.1 was shown assuming finite-dimensionality of h(S), which however is only known in very few cases.
2.4. As Charles Vial explained to me, Theorem 0.1 can be generalized to arbitrary surfaces. Indeed, it can be shown that the odd degree part h 1 ⊕h 3 is a derived invariant. For details see [8] and the forthcoming paper of Achter, Casalaina-Martin, and Vial, where the more complicated situation of derived equivalences of threefolds is studied.
He also explained to me that Lemma 1.1 can be avoided by showing that the isomorphism of ungraded Chow motives induced by v(E) necessarily maps h 2 tr (S) into h 2 tr (S ′ ). The inverse is then given by v(E * ).
